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Abstract—This paper describes a robust and accurate black-
box macromodeling technique, in which the constitutive equations
combine both closed-form delay operators and low-order rational
coefficients. These models describe efficiently electrically long in-
terconnect links. The algorithm is based on an iterative weighted
least-squares process and can be interpreted as a generalization
of the well-known Vector Fitting. The paper is focused, in
particular, on the passivity enforcement of these models. We
present two perturbation methods and we show how the accuracy
of the models is well-preserved during the passivity enforcement
process.

I. INTRODUCTION

Electrical interconnects and packages can be a major source
of Signal Integrity (SI) and Electromagnetic Compatibility
(EMC) problems in digital, analog, and mixed/signal appli-
cations. Therefore, an accurate modeling flow is required for
assessing the electrical performance and quality of a given
interconnect design.

The system-level simulations required in SI and EMC
analyses cannot be performed via direct use of full-wave
solvers, due to obvious complexity issues. Therefore, several
approaches have been devised for reducing this complexity,
including model order reduction and macromodeling techni-
ques. These two techniques aim at deriving a low-complexity
equivalent circuit starting from a large set of equations or
tabulated terminal responses, respectively.

In this work, we concentrate on the latter macromodeling
techniques, assuming a known set of input-output frequency
domain responses, possibly coming from direct measurement
or physical simulation. In particular, we address the case of
electrically long high-speed channels, e.g. required for chip-to-
chip communication. For these cases, standard macromodeling
approaches fail due to excessive model complexity caused by
the distributed nature of the interconnects [1]–[4].

We first review a combined delay-based modeling approach,
providing a mixed delayed rational approximation of the
transfer functions of the interconnect. Then we focus on
the enforcement of the passivity for such model structure.
Without compliance to the passivity constraints, even a stable
interconnect macromodel may lead to unstable behavior in
the simulation phase, due to the feedback loop caused by
the termination networks [5]. We present and compare two
main classes of passivity enforcement schemes, showing how
both methods may lead to good results in few iterations.

The performance of these schemes is illustrated using various
interconnect examples.

The passive models can be synthesized in a SPICE-
compatible netlist using standard circuit elements, as described
in [4]. Time-domain simulations can thus be performed with
any circuit solver, including possibly complex nonlinear ter-
mination circuitry, for system-level SI and EMC assessments.

II. MACROMODELS IDENTIFICATION WITH DELAYS

We consider an electrically long interconnect with p in-
put/output ports described by an unknown transfer function
H(s). Our aim is to identify an approximation of H(s) from
the sampled frequency response of the system, available from
numerical simulations or direct measurements. Let us denote
the available response samples as

Hk ∈ C
p×p , (1)

and the available frequency points as

ω = ω1, . . . , ωK . (2)

Without loss of generality, we assume that these samples
represent the scattering parameters referenced to a constant
port impedance.

We assume that the interconnect is structured as a chain
of cascaded blocks [1]. Each of these basic elements can
be a transmission line structure, a lumped block, or another
electrically-long 3D interconnect. For this class of structures,
it can be shown that each element of the transfer matrix can
be written as

Hi,j(s) =
Mi,j∑
m=0

Qi,j
m (s)e−sτ i,j

m + Di,j (3)

with

Qi,j
m (s) =

Ni,j
m∑

n=1

Ri,j
mn

s − pi,j
mn

(4)

A state-space realization of each transfer function can be
derived, leading to a delayed state-space form

Hi,j(jω) =
Mi,j∑
m=0

ci,j
m e−jωτ i,j

m
(
jωI − Ai,j

)−1
bi,j + Di,j ,

(5)

 

 
 
 
 
978-3-9810801-6-2/DATE10 © 2010 EDAA 
 

 



where Ai,j and ci,j
m collect all the poles and residues, respec-

tively.
The identification algorithm is based on successive steps.

First the dominant propagation delays τ i,j
m are estimated via

the technique outlined in [4], based on the Gabor transform.
The latter provides a localization of the signal energy com-
ponents both in time and frequency, thus helping in the
extraction of the single-delay components of (3). Then the
rational coefficients of the model are estimated using a suitable
modification of the well-known Vector Fitting approach [6].
A detailed description of the main identification algorithms is
available in [4]. In the following, we will use the acronym DVF
(Delayed Vector Fitting) to denote a macromodel in form (5).

III. PASSIVITY ENFORCEMENT

A macromodel in form (5) may violate passivity even if the
original samples are passive. The main reason is the inevitable
approximation error that affects the fitting accuracy. Usually,
this error is very small throughout the modeling band, since the
model coefficients are explicitly obtained by minimizing the
least-squares error with respect to the data. Conversely, this
error may be larger out-of-band, since no frequency points
are available for constraining the coefficients. Therefore, a
further passivity enforcement step is required for ensuring
model robustness and reliability during the simulation phase.
We present two alternative passivity enforcement methods, in
Section III-A and III-B, respectively. For reference, we recall
that the passivity constraints in the scattering case require that

I − SH(jω)S(jω) ≥ 0, ∀ω (6)

or, equivalently, that the singular values of S do not exceed
the unit threshold.

Several alternative methods are available for checking (6).
The easiest approach is based on singular values computation
on a discrete grid of frequency points. The main drawback of
this approach is the possibilty of missing important passivity
violations, since only a finite number of samples can be
checked. More refined approaches use the so-called Hamilto-
nian matrix associated to the model, since passivity violation
intervals are related to the spectral structure of such matrices,
which in turn is characterized via purely algebraic techniques
and in a finite number of numerical steps. For a review on
Hamiltonian-based passivity checks for lumped and delay-
based models see [9] and [13], respectively. In the following,
we will assume that the frequency bands where (6) is violated
are known, and we will focus on the problem of passivity
enforcement.

A. Passivity enforcement by fitting violation parameters

The first passivity enforcement scheme is new and is a
generalization to the delay-rational case of the method first
proposed in [8]. A dense set of frequencies ωk is used to
evaluate the singular values decomposition

H(jωk) = UkΣkVH
k (7)

where Σk is a diagonal matrix with the singular values σk,l

on its main diagonal. Such set contains all the samples of the
original frequency response. More points are added within the
frequency passivity violations bands, in order to guarantee a
good resolution of the singular values trajectories where the
enforcing procedure will perturb the model.

Then, a set of violation parameters is constructed as follows,

H̃(jωk) = UkΣ̃kVH
k (8)

with Σ̃k = diag{σ̃k,1, . . . , σ̃k,P }, where

σ̃k,i =

{
0 if σk,l � γ,

σk,l − γ if σk,l > γ.
(9)

The dissipation parameter γ is chosen close to, but less than,
the threshold value 1. In general, larger values of γ (closer
to 1) are able to better preserve the accuracy of the model
during processing, but may require more iterations to achieve
passivity. This will be illustrated in Section IV.

In order to make the model passive, a new set of re-
sidues c̃i,j

m is computed by fitting the violation parame-
ters H̃(jω) using the same set of poles Ai,j of the original
model

H̃i,j(jω) =
Mi,j∑
m=0

c̃i,j
m e−jωτ i,j

m
(
jωI − Ai,j

)−1
bi,j + Di,j ,

(10)
A new model with reduced passivity violations is thus obtained
by substituting ci,j

m with ci,j
m −c̃i,j

m . The process is then applied
iteratively until passivity is reached. The main advantage of
this method is its simplicity, since the enforcement of the
passivity constraints can be implemented using a standard least
squares routine.

B. Passivity enforcement by singular value perturbation

A second passivity enforcement method is now presen-
ted. This method generalizes the technique presented in [9]
and [11] to the delay-rational case. Let σ > 1 be a singular
value of H(jω̄) and u, v ∈ C

P the associated left and right
singular residue vectors, respectively. We want to perturb the
vectors ci,j

m by small amounts δci,j
m such that the induced

perturbation δσ on the singular value σ displaces it below
the unit threshold. Application of standard results on singular
value perturbation leads to the following first-order expansion

δσ = �
⎧⎨
⎩

P∑
i,j=1

Mi,j∑
m=0

u∗
i δc

i,j
m zi,j

m

⎫⎬
⎭ (11)

with
zi,j

m = e−jω̄τ i,j
m

(
jω̄I − Ai,j

)−1
bi,jvj . (12)

The passivity constraint on the singular value perturbation thus
becomes

P∑
i,j=1

�{
u∗

i (z
i,j)T

}
(δci,j)T < 1 − σ , (13)



where zi,j and δci,j stack the partial contributions of indivi-
dual delay terms zi,j

m and δci,j
m in a single column and row,

respectively.
In order to minimize the deviation from original model we

introduce the cumulative energy E of the perturbation induced
by δci,j on the model impulse responses hi,j(t),

E =
P∑

i,j=1

∫ ∞

0

∣∣δhi,j(t)
∣∣2 dt (14)

with

δhi,j(t) =
Mi,j∑
m=0

δci,j
m exp

{
Ai,j(t − τm)

}
bi,ju(t− τm) (15)

A combination of these two expressions leads to

E =
P∑

i,j=1

Mi,j∑
m,n=0

δci,j
m Wi,j

m,n(δci,j
n )T (16)

with

Wi,j
m,n =

∫ ∞

τm,n

eAi,j(t−τm)bi,j(bi,j)T e(Ai,j)T (t−τn)dt (17)

and

τm,n = max{τm, τn} . (18)

The integrals in (17) can be evaluated analytically by solving
suitably defined Lyapunov equations [12]. Equation (16) can
be further simplified by collecting submatrices Wi,j

m,n in a
block-matrix Wi,j , leading to

E =
P∑

i,j=1

δci,jWi,j(δci,j)T . (19)

Finally, a coordinate change in the perturbation unknowns is
performed as

δc̃i,j = δci,j(Ki,j)T , (20)

where

Wi,j = (Ki,j)T Ki,j (21)

represents the Cholesky decomposition of Wi,j . This allows
the definition of the constrained optimization scheme for
passivity enforcement

min
P∑

i,j=1

||δc̃i,j ||22 (22)

subject to

P∑
i,j=1

�{
u∗

i (z
i,j)T (Ki,j)−1

}
(δc̃i,j)T < 1 − σ . (23)

C. Computational complexity and practical aspects

In this section, we will compare the computational comple-
xity of the two algorithms. To this end, and with no loss of
generality, we will simplify the notation by assuming the same
number of delays for all responses M i,j = M , and the same
order in each rational transfer function N i,j

m = N . Therefore,
the total number of residues, i.e., the number of free variables
in the passivity enforcement algorithms, becomes MNP 2.
Each iteration of the algorithm of Sec. III-A involves a
solution of a least squares problem with MNP 2 unknowns
and K1 constraints, where K1 is the number of samples of
the violation parameters. This problem has a computational
complexity of O((MNP 2)2K1). The algorithm in Sec. III-B
requires instead the solution of P 2 Lyapunov equations and
P 2 Cholesky decompositions of size MN , with an associated
computational complexity of O((MN)3P 2), see [14]. The
quadratic optimization problem can be solved very efficiently
with a primal-dual interior point method, whose worst-case
complexity is given by O((MNP 2)3/2L), where L is the
number of significant digits of the solution [15]. As a result,
the complexity of each iteration is O((MNP )3L).

An upper bound for the number of iterations is very difficult
to find, even on a statistical basis. In general, the experimental
results of all tested examples show that the number of itera-
tions required by the two algorithms is very similar and never
exceeds few units.

There is no guarantee of convergence for the two presented
algorithms, since they are based on iterative local perturbations
only. In general, a perturbation based on a local constraints can
cause the occurrence of other passivity violations at different
frequency points. Although this was not necessary for all tested
examples, a possible solution for limiting these effects is to
increase the number of constraints in correspondence with
those frequency points where new passivity violations arise,
and to repeat the perturbation [7].

Under a more practical standpoint, the lack of a convergence
proof is balanced by a significantly higher efficiency of pro-
posed techniques with respect to convex formulations of the
passivity constraints, see [10]. Convergence is not an issue for
proposed application to high-speed links, since these structures
are typically characterized by high-frequency losses (both
metal and dielectric), which do guarantee significant energy
attenuation outside the modeling bandwidth. In fact, for all
tested cases the detected passivity violations were concentrated
in the low frequency range, where the interconnects are nearly
lossless.

IV. EXAMPLES

This section compares the performance of the two passivity
enforcement methods of Section III-A and III-B, labeled as
methods “1” and “2”, respectively. In addition, we consider the
approach described in [13] for the comparisons. This method
performs a perturbation of singular values as well, but only
the residues vector ci,j

0 are considered, leading to simpler
conditions for the minimization of the impulse response per-
turbation. The latter method will be denoted with the label “3”



TABLE I
PCB LINK EXAMPLE: PASSIVITY ENFORCEMENT RESULTS

Algorithm
Energy of the
perturbation

Number of
iterations

CPU
time

1 8.8125 × 10−3 4 3.45 s
2 5.5462 × 10−3 2 2.32 s
3 1.3620 × 10−2 2 1.94 s
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Fig. 1. PCB link example. Convergence rate of the three passivity enforce-
ment schemes.

throughout this section. For each example, we report a table
with the energy (norm) of the perturbation between original
DVF model and passive model, the number of iterations and
the CPU time needed to enforce passivity.

A. PCB link

The first example is a 10 cm PCB link interconnect. A direct
measurement of the scattering matrix is available, with a total
of 801 samples over a bandwidth of 40 GHz. The identification
of a DVF model was performed, requiring 15 poles for each
response and a number of delay terms comprised between 1
and 3. The model resulting macromodel is non-passive, with
a leading passivity violation around 8 GHz, with a maximum
singular value equal to 1.0545. The three mentioned passivity
enforcement schemes were thus applied. Main results are
summarized in Table I. The table shows that algorithm “2”
provides better accuracy than the two other methods, whereas
the computational requirements of the three methods are
comparable. Figure 1 depicts the behavior of the maximum
singular values at each iteration, showing a somewhat slower
convergence of method “1” with respect to the other two
schemes. Figures 2 and 3 report the scattering parameters and
the singular values trajectories, respectively, before and after
passivity enforcement. Accuracy is well-preserved in all cases.

B. Cable

The second example is a shielded multiconductor cable of
length 2.56 m, with 6 twisted inner signal conductors and an
outer shielding layer made by several thin wires. In this case,
a total of 2000 samples between DC and 20 GHz are available
from an EM simulation. The DVF model identified in a first
step from these samples results non-passive near DC, with a
maximum singular value equal to 1.0207. Application of the
three passivity enforcement schemes leads to the results listed
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Fig. 2. PCB link example. Magnitude and phase of the scattering parameters
S11 and S12 before and after passivity enforcement.

TABLE II
CABLE: PASSIVITY ENFORCEMENT RESULTS

Algorithm
Energy of the
perturbation

Number of
iterations

CPU
time

1 5.7024 × 10−4 3 175 s
2 2.2763 × 10−4 4 124 s
3 9.5508 × 10−4 6 138 s

TABLE III
CABLE: PASSIVITY ENFORCEMENT RESULTS FOR DIFFERENT VALUES OF γ

γ
Energy of the
perturbation

Number of
iterations

0.9 6.0866 × 10−3 1
0.91 4.2894 × 10−3 1
0.92 2.2948 × 10−3 1
0.93 1.7495 × 10−3 1
0.94 1.3315 × 10−3 1
0.95 9.9767 × 10−4 1
0.96 7.1545 × 10−4 1
0.97 7.4759 × 10−4 2
0.98 6.8224 × 10−4 3
0.99 5.7024 × 10−4 3
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Fig. 3. PCB link example. Singular values trajectories before and after
passivity enforcement.
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Fig. 4. Cable example. Convergence rate of the three passivity enforcement
schemes.
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Fig. 5. Cable example. Real and imaginary part of the scattering parame-
ters S1,4 and S1,5 before and after passivity enforcement.

in Table II. Also in this case the algorithm “2” provides the
best accuracy.

Figure 4 illustrates the convergence rate of the three
passivity enforcement schemes. Unlike algorithms “2” and
“3”, algorithm “1” presents a monotonic decrease of the
passivity violation amounts through the iterations. A further
investigation on algorithm “1” was performed, by varying the
dissipation parameter γ. Results are summarized in Table III. It
is observed that values of γ greater than 0.99 (not shown) lead
to an increase in the number of iterations, without improving
the accuracy. Therefore, there seems to be an optimal value
γ∗ ∼ 0.99 providing the best compromise between accuracy
and iteration count. Finally, figures 5 and 6 depict some of
the scattering parameters and the singular values trajectories
before and after passivity enforcement.

V. CONCLUSION

In this paper, we have presented and compared three dif-
ferent algorithms for the passivity enforcement of black-box
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Fig. 6. Cable example. Singular values trajectories before and after passivity
enforcement.

macromodels of electrically long interconnects in delayed
state-space form. All three algorithms are able to reach passi-
vity through iterations, with some differences in the achieved
accuracy and efficiency. Overall, we can conclude that all
three schemes are well suitable for inclusion in automated
CAD modeling flows for Signal Integrity and Electromagnetic
Compatibility analysis and verification.
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